We compare the gauging of the Bargmann algebra, for the case of arbitrary torsion, with the result that one obtains from a null-reduction of General Relativity. Whereas the two procedures lead to the same result for Newton-Cartan geometry with arbitrary torsion, the null-reduction of the Einstein equations necessarily leads to Newton-Cartan gravity with zero torsion. We show, for three space-time dimensions, how Newton-Cartan gravity with arbitrary torsion can be obtained by starting from a Schrödinger field theory with dynamical exponent z = 2 for a complex compensating scalar and next coupling this field theory to a z = 2 Schrödinger geometry with arbitrary torsion. The latter theory can be obtained from either a gauging of the Schrödinger algebra, for arbitrary torsion, or from a null-reduction of conformal gravity.
Introduction
Usually, when discussing Newton-Cartan (NC) geometry and gravity, Newtonian causality is incorporated by imposing that the space-time manifold admits a one-form τ µ , called the time-like Vierbein 5 , whose curl is constrained to vanish. The vanishing of the curl of τ µ is often referred to as the 'zero torsion condition' and implies the existence of an absolute time in the space-time geometry. Indeed, using the one-form τ µ one can define the time difference T between two events as
where C is a path connecting the two events. The zero torsion condition implies that the time difference T is independent of the path C connecting the two events and can thus indeed be identified with an absolute time. Alternatively, the zero torsion condition allows one to express τ µ as the derivative of a single scalar field τ (x):
one sees that the absolute time t can be identified with this function τ (x):
The zero-torsion condition (1.2) is sufficient but not necessary to obtain a causal nonrelativistic geometry. Indeed, Frobenius' theorem states that a necessary and sufficient condition for the space-time to admit a foliation in a time flow orthogonal to Riemannian space-like leaves (and thus obey non-relativistic causality), is the so-called hypersurface orthogonality condition τ [µ ∂ ν τ ρ] = 0 , (1.5)
that can be equivalently written as τ ab ≡ e a µ e b ν τ µν = 0 , 6) where e a µ is the projective inverse of the spatial Vielbein e µ a , with µ = 0, 1, · · · d − 1 and a = 1, 2, · · · d − 1, see eq. (2.12) . Note that in this case the time difference between two space-like leaves depends on the path between the two leaves, i.e. there is no well-defined notion of an absolute time on which all observers agree.
The condition (1.6), also called the twistless-torsional condition, was first encountered in the context of Lifshitz holography when studying the coupling of Newton-Cartan gravity to the Conformal Field Theory (CFT) at the boundary [1] . Twistless-torsional Newton-Cartan geometry has also been applied in studies of the Quantum Hall Effect [2] . Note that it is not surprising that the more general twistless-torsional condition (1.6) was found in the context of CFTs. The zero torsion condition (1.2) is simply not allowed within a CFT since it is not invariant under space-time-dependent dilatations δτ µ ∼ Λ D (x)τ µ . Instead, the condition (1.6) is invariant under space-time-dependent dilatations due to the relation e a µ τ µ = 0, see eq. (2.12).
In the presence of local dilatation symmetry, one can define a conformal, i.e. dilatationcovariant, torsion as τ
where b µ is the gauge field of dilatations, i.e. it transforms under dilatations as δb µ = ∂ µ Λ D . The twistless-torsional condition (1.6) can then also be equivalently restated as where we used that τ µ τ µ = 1, see eq. (2.12).
In this paper, we will be interested in considering non-relativistic geometry, both in the absence and presence of conformal symmetries, in the case of arbitrary torsion, i.e. when the zero torsion or twistless-torsional conditions no longer hold. At first sight, it seems strange to consider the case of arbitrary torsion since causality is lost in this case. However, in condensed matter applications, one often considers gravity not as a dynamical theory but as background fields for determining the response of the system to a geometrical force and for defining a non-relativistic energy and momentum flux. 6 It was pointed out a long time ago in the seminal paper by Luttinger [3] that to describe thermal transport in a resistive medium one needs to consider an auxiliary gravitational field ψ(x) that couples to the energy and is defined by [4] τ 11) corresponding to the case of twistless torsion. Later, it was pointed out that, for describing other properties as well, one also needs to introduce the other components of τ µ that couple to the energy current. This leads to a non-relativistic energy-momentum tensor with no restrictions and an un-restricted τ µ describing arbitrary torsion [4] . For other applications of torsion in condensed matter, see [5, 6] . 7 To avoid confusion, we will reserve the word 'geometry' if we only consider the background fields and their symmetries whereas we will talk about 'gravity' if these background fields satisfy dynamical equations of motion.
In this paper, we will construct by two complementary techniques, gauging and null-reduction, the extension of NC geometry and its non-relativistic conformal extension, Schrödinger geometry with dynamical exponent z = 2, to the case of arbitrary torsion, i.e. τ µν = 0 for NC geometry and τ ab = 0 for Schrödinger geometry, see Table 1 . Furthermore, applying a different technique thereby making use of the obtained results on Schrödinger geometry with arbitrary torsion, we will construct the extension of NC gravity to the case of arbitrary torsion, in three space-time dimensions. Note that in the conformal case we will always impose that τ C 0a = 0, i.e. the minimal torsion case is twistless-torsional, in agreement with the fact that the zero torsion condition is incompatible with dilatation symmetry. As explained above, τ C 0a = 0 does not lead to a constraint on τ µν . Rather it is a so-called conventional constraint, that can be used to solve for b a , see eq. (1.10). For earlier discussions of NewtonCartan geometry with torsion and null-reductions, see [7] [8] [9] [10] [11] . This paper is organized as follows. In section 2 we will apply the gauging technique to the Bargmann algebra in d space-time dimensions. In particular, we will construct the transformation rules of the independent fields and the expressions of the dependent spinconnections of NC geometry for the case of arbitrary torsion. In section 3 we derive the same results from an off-shell, meaning we do not reduce the equations of motion, null-reduction of General Relativity in d + 1 space-time dimensions. We point out that performing a nullreduction of the equations of motion as well we obtain the equations of motion of NC gravity with zero torsion thereby reproducing the result of [8] . We point out that the zero torsion condition is related to the invariance under central charge transformations that necessarily follows from the null-reduction. To obtain NC gravity with arbitrary torsion, we will first in the next two sections repeat the calculations of sections 2 and 3 but now for the minimal conformal extension of the Bargmann algebra, i.e. the Schrödinger algebra, and for conformal gravity except that we do not consider the equations of motion in this case. To be precise, in section 4 we will gauge the z = 2 Schrödinger algebra and obtain the transformation rules of z = 2 Schrödinger geometry for arbitrary torsion together with the expressions of the dependent gauge fields. Next, in section 5, we obtain the same results by performing a null-reduction of conformal gravity in d + 1 space-time dimensions. In section 6, we use these results to construct three-dimensional NC gravity with arbitrary torsion by starting from a z = 2 Schrödinger Field Theory (SFT) for a complex compensating scalar, coupling it to the Schrödinger geometry with arbitrary torsion we constructed in sections 4 and 5 and gauge-fixing the dilatations and central charge transformations. We give our comments in the Conclusions. 
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Gauging the Bargmann Algebra with Arbitrary Torsion
Our starting point is the d-dimensional Bargmann algebra whose non-zero commutators are given by
where
are the generators corresponding to time translations, spatial translations, spatial rotations, Galilean boosts and central charge transformations, respectively. Note that the M-generator has the dimension of a mass and that for M = 0 the Bargmann algebra reduces to the Galilei algebra. The gauging of the Bargmann algebra for zero torsion has been considered in [12] . In this section we will extend this gauging to the case of arbitrary torsion, see also [11] .
The gauge fields corresponding to the generators (2.2) are given by , λ a , σ}, respectively, the gauge fields {τ µ , e µ a , m µ } that will remain independent, see below, transform according to the structure constants of the Bargmann algebra, i.e.:
These independent fields and their transformation rules then define NC geometry in the presence of arbitrary torsion, i.e. τ µν = 0.
Now that we have arbitrary torsion, we can modify the usual conventional constraints that can be solved for the spin-connection fields ω µ ab and ω µ a such that these spin-connections receive torsion contributions. We choose the following conventional constraints that are justified by the null-reduction of General Relativity that we will perform in the next section:
with τ 0ν ≡ τ µ τ µν , τ aν ≡ e a µ τ µν and with the curvatures R µν (P a ) and R µν (M) given by expressions that follow from the structure constants of the Bargmann algebra:
Explicitly, the expressions for the torsionful spin-connections that follow from the constraints (2.5) and (2.6) are given by
where the space/space and space/time components of the torsion are given by
and whereω µ ab (τ, e, m) andω µ a (τ, e, m) are the torsion-free Newton-Cartan spin-connections given byω
The expressions forω µ ab andω µ a are the solutions of the constraints (2.5) and (2.6) for zero torsion, i.e. τ µν = 0. Note that the solutions (2.10) and (2.11) contain the fields τ µ and e µ a that are defined by the following projective invertibility relations
It is important to note that the dependent torsion-free spin-connectionsω µ ab (τ, e, m) and ω µ a (τ, e, m), due to the arbitrary torsion, no longer transform according to the Bargmann algebra. In particular, from eqs. (2.10) and (2.11) it follows that their transformation rules under Galilean boosts contain extra torsion terms given by
Correspondingly, the curvatures corresponding to these spin-connections that transform covariantly under Galilean boosts contain extra torsion contributions and are given by
(2.14)
These are the curvatures that naturally appear in the next section when we perform a nullreduction of the equations of motion of General Relativity, see eq. (3.17). Note that there is an arbitrariness in the definition of these curvatures in the sense that one can always move around torsion terms in or outside the spin-connections. In that sense the above curvatures are defined modulo Dτ and τ 2 terms. The specific definition we use naturally follows from the null-reduction in the next section.
The Null-reduction of General Relativity
In this section we re-obtain the results on NC geometry with arbitrary torsion obtained in the previous section by performing a dimensional reduction of General Relativity (GR) from d + 1 to d space-time dimensions along a null-direction [7, 8] . We show that in this way one obtains the same transformation rules and the same expressions for the dependent spin-connections as before. Next, we point out that, after going on-shell, the equations of motion reduce to those of NC gravity with zero torsion [7, 8] .
Our starting point is General Relativity in d + 1 dimensions in the second order formalism, where the single independent field is the Vielbeinê M A . Here and in the following, hatted fields are (d + 1)-dimensional and unhatted ones will denote d-dimensional fields after dimensional reduction. Furthermore, capital indices take d + 1 values, with M being a curved and A a flat index. The Einstein-Hilbert action in d + 1 space-time dimensions is given by
where κ is the gravitational coupling constant andê is the determinant of the Vielbein. The inverse Vielbein satisfies the usual relationŝ
The spin-connection is a dependent field, given in terms of the vielbein aŝ
while the curvature tensor is given bŷ
Under infinitesinal general coordinate transformations, with parameter ζ M and local Lorentz transformations, with parameter λ A B , the Vielbein transforms as
In order to dimensionally reduce the transformation rules along a null-direction, we assume the existence of a null Killing vector
Without loss of generality, we may choose adapted coordinates x M = {x µ , v}, with µ taking d values, and take the Killing vector to be ξ = ξ v ∂ v . Then the Killing equation implies that the metric is v-independent, i.e. ∂ vĝM N = 0, while the null condition implies the following constraint on the metric:
A suitable reduction Ansatz for the Vielbein should be consistent with this constraint on the metric. Such an Ansatz was discussed in [8] , and we repeat it below in a formalism suited to our purposes. 
The scalar S is a compensating one and can be gauge-fixed as we will see shortly.
Given the expression (3.8) for the inverse Vielbein, the Vielbein itself is given bŷ
To avoid confusion, recall that the index a takes one value less than the index µ; thus the above matrices are both square although in block form this is not manifest.
Note that the Ansatz (3.9) has two zeros. The zero in the second column,ê v − = 0, is due to the existence of the null Killing vector ξ = ξ v ∂ v : , that we will call λ. The latter can be gauge-fixed by imposing S = 1. For some purposes, especially when we discuss the conformal case, it is convenient to only perform this gauge-fixing at a later stage, so we will momentarily keep S.
A simple computation reveals that the invertibility relations (3.2), after substitution of the reduction Ansatz, precisely reproduce the projective invertibility relations (2.12) encountered when gauging the Bargmann algebra provided we identify {τ µ , e µ a } as the timelike and spatial Vielbein of NC gravity, respectively.
Starting from the transformation rule (3.5) of the (d + 1)-dimensional Vielbein, we derive the following transformations of the lower-dimensional fields:
12)
where ζ v denotes the component of the parameter of (d + 1)-dimensional diffeomorphisms, along the compact v-direction. Next, fixing the Lorentz transformations with parameter λ by setting S = 1 and defining σ := −ζ v we precisely obtain the transformation rules (2.4) of Newton-Cartan geometry in d dimensions provided we identify m µ as the central charge gauge field associated to the central charge generator of the Bargmann algebra. Note that we have not imposed any constraint on the torsion, i.e. τ µν = ∂ [µ τ ν] = 0.
We next consider the null-reduction of the spin-connection given in (3.3) . Inserting the Vielbein Ansatz (3.9) with S = 1 into (3.3) we obtain the following expressions for the different components: At this point, we have re-produced using the complementary null-reduction technique the results on NC geometry with arbitrary torsion obtained in the previous section. To calculate the equations of motion after null-reduction, we first need to calculate the components of the higher-dimensional Ricci tensor with flat indices:
Substituting the reduction Ansatz (3.9), with S = 1, into (3.16) we find the following expressions for the Ricci tensor components: 17) where the lower-dimensional curvatures R(J) and R(G) are defined in eq. (2.14) and where the covariant derivatives on τ 0 a and τ ab are given by
Using the Bianchi identity for τ µν in the form
we can rewrite the Ricci tensor componentsR ab in a manifestly symmetric form as follows:
We first consider the Ricci tensor components that contain the curvatures R(J) and/or R(G). They lead to the following set of equations of motion:
where in the last equation we collected two field equations into one by using an index a = (a, 0). At first sight, it looks like this first set of equations of motion defines NC gravity with arbitrary torsion. However, the other set of equations, obtained by puttinĝ R ++ ,R +− andR +a to zero, cannot be ignored and they constrain the torsion. For instance, the equationR ++ = 0 implies τ ab = 0 while the equationR +− = 0 implies, with a proper choice of boundary conditions, τ 0a = 0. Since the first set of equations of motion transforms to the second one under Galilean boosts, it is not consistent to leave out the second set of equations of motion in the hope of obtaining NC equations of motion with arbitrary torsion. Together, they imply zero torsion and, after substituting this back into (3.21), one obtains the equations of motion corresponding to NC gravity with zero torsion [8] .
4 Gauging the z = 2 Schrödinger Algebra with Arbitrary Torsion
In this section we extend the gauging of the so-called z = 2 Schrödinger algebra with twistless torsion as performed in [14] to the case of arbitrary torsion, i.e. τ ab = 0. Our starting point is the z = 2 Schrödinger algebra which is the minimal conformal extension, with dynamical exponent z = 2, of the d-dimensional Bargmann algebra whose commutation relations were given in eq. (2.1). To this end we add the additional generators D and K corresponding to dilatations and special conformal transformations with gauge fields b µ and f µ , respectively.
The additional non-zero commutation relations with respect to the Bargmann algebra are given by
This leads us to the following complete set of covariant one-form gauge fields:
Only the subset {τ µ , e µ a , m µ , b 0 }, with b 0 ≡ τ µ b µ , will remain independent gauge fields. Following the structure constants of the Schrödinger algebra these independent gauge fields transform under the Bargmann symmetries and the additional dilatations, with parameter λ D , and special conformal transformations, with parameter λ K , as follows:
We now impose the following first set of conventional curvature constraints:
We have used here the following curvatures whose expressions follow from the structure constants of the Schrödinger algebra:
10 We indicate the Schrödinger curvatures with a script R. Note that, in contrast to [14] , we do not impose that R ab (H) = 0, i.e. we have arbitrary torsion:
We have chosen the second conventional constraint such that it gives the same torsionful rotational spin-connection that follows from the null-reduction that we will perform in the next section.
The conventional constraints (4.3) allow us to solve for the spatial components of b µ and of the spin-connection fields ω µ ab and ω µ a as follows
where the torsionless Schrödinger spin-connections, i.e. the part with τ ab = 0, are related to the torsionless Newton-Cartan spin-connections defined in eqs. (2.10) and (2.11) as follows 12 :
In a second step, to solve for the gauge field f µ , we impose the following second set of conventional constraints:
where the expressions for the curvatures are given by
Note that these curvatures, save the one corresponding to G a , contain extra torsion contributions that render them covariant under Galilean boosts. This second set of conventional constraints is chosen such that it precisely reproduces the same expression for f µ that we will derive in the next section by a null-reduction of conformal gravity:
The prime indicates that in the corresponding curvature the term with f µ has been omitted.
This finishes our discussion of the gauging of the z = 2 Schrödinger algebra.
11 The only notational difference with respect to [14] is that in that paper the projective inverse of τ µ is denoted as v µ and it is related to the one we use here by v µ = −τ µ . 12 Note that we commit some abuse of notation here, by using the same symbolω forω µ ab (e, τ, m), ω µ a (e, τ, m) andω µ ab (e, τ, m, b),ω µ a (e, τ, m, b). For the rest of this paper,ω µ ab andω µ a will always refer to ω µ ab (e, τ, m, b),ω µ a (e, τ, m, b).
The Null-reduction of Conformal Gravity
In this section we re-obtain the results on z = 2 Schrödinger geometry with arbitrary torsion obtained in the previous section by performing a dimensional reduction of conformal gravity from d + 1 to d space-time dimensions along a null direction. We show that in this way one obtains the same transformation rules and the same expressions for the dependent spinconnections and special conformal gauge fields as before.
Our starting point is conformal gravity in d + 1 dimensions. Recall that the relativistic conformal algebra appends new generators to the translations and Lorentz transformations of the Poincaré algebra, namely dilatations and special conformal transformations. When the algebra is gauged, the dilatations give rise to a gauge fieldb M with associated gauge parameter λ D while the special conformal transformations are assigned a gauge fieldf M A and gauge parameters λ A K . 13 Thus the full set of gauge fields is
It turns out that after imposing conventional constraints the spin-connection and special conformal gauge fields become dependent. The transformation rules of the independent Vielbein and dilatation gauge field are given by
Both gauge fields transform as covariant vectors under general coordinate transformations. Note that the dilatation gauge field transforms with a shift under the special conformal transformations and therefore can be gauged away by fixing the K-transformations. The expressions for the dependent spin-connections and special conformal gauge fields are given byω 5) whereR M N AB is the Lorentz curvature of the conformal algebra and
The prime indicates that in the corresponding curvature the term withf M A has been omitted.
Using the same reduction Ansatz as in the NC case and splittingb M = (b µ , b v ), we obtain the following transformation rules for the lower-dimensional fields:
8)
10)
From the last transformation rule it follows that gauge-fixing S = 1 leads this time to a compensating Lorentz transformation with parameter
The S = 1 gauge-fixing is not sufficient to end up with the transformation rules of z = 2 Schrödinger geometry as given in the previous section. The reason for this is that the nullreduction leads to as many K-transformations as components ofb M while in Schrödinger geometry we have only a single K-transformation. This is related to the fact that the z = 2 Schrödinger algebra cannot be embedded into a higher-dimensional conformal algebra like the Bargmann algebra can be embedded into a higher-dimensional Poincaré algebra. In order to obtain the same symmetries as z = 2 Schrödinger geometry we need to impose a constraint that reduces the d + 1 K-transformations to the single one corresponding to the Schrödinger algebra. To achieve this, we first gauge-fix b v = 0 which fixes λ − K = 0. To gauge-fix another d − 1 K-transformations we impose by hand the following constraint
This constraint has two effects. First of all, it fixes d − 1 K-transformations, as can be seen from the following transformation rule:
Note that this gauge-fixing leads to the following compensation transformation:
At the same time, the gauge-fixing constraint (5.14) is a conventional constraint that allows us to solve for the spatial components of the dilatation gauge field as we did in the previous section. It is straightforward to check that after imposing the additional gauge-fixing condition (5.14) and identifying ζ v = −σ , λ K = λ + K we obtain precisely the transformation rules (4.2) of z = 2 Schrödinger geometry as obtained in the previous section.
For completeness we also give the transformation rules of the projective inverses:
(5.17)
We now consider the null-reduction of the dependent spin-connection and special conformal boost gauge fields. The reduction of the spin-connection components is very similar to the NC case. We find that the non-vanishing components are given bŷ Next, we consider the null-reduction of the gauge field of special conformal transformationŝ f M A , defined in eq. (5.5). After a straightforward calculation we find the following expressions:f
where the gauge fieldf µ + is identified as the single gauge field f µ of the reduced theory. The covariant derivative D is defined exactly as in (3.18) , but this time with the spin-connections ω µ ab (e, τ, m, b) andω µ a (e, τ, m, b), see eqs. (4.8) and (4.9). We observe that the component f µ a contains a torsion term with an explicit appearance of the spin-connectionω µ a . This is explained by the fact thatf µ a originally was a special conformal gauge field transforming as ∂ µ λ a K under the special conformal transformations. However, due to the gauge-fixing of those transformations, and in particular due to the compensating transformation given in eq. (5.16), we obtain δf µ a = ∂ µ λ b τ ba + . . . , which explains the last term in eq. (5.24).
NC Gravity with Arbitrary Torsion
In this section we will use our results on Schrödinger geometry with arbitrary torsion, derived in the previous section, to construct the NC gravity equations of motion for arbitrary torsion by applying the so-called conformal technique for the non-relativistic case [13] . We will give complete results for d = 3 only.
It turns out that only the NC equations of motion with zero torsion (τ 0a = 0, τ ab = 0) and with half-zero torsion (τ 0a = 0, τ ab = 0) are invariant under central charge transformations. However, the null-reduction by construction always leads to an answer that is invariant under central charge transformations. That is why we found that the on-shell null-reduction of the Einstein equations leads to NC gravity with zero torsion. The half-zero torsion condition, although consistent with invariance under central charge transformations, has no clear causal structure and, as we saw above, does not follow from a null-reduction of General Relativity.
Applying the non-relativistic conformal technique [13] , invariance under central charge transformations implies that we only need to introduce a real compensating scalar ϕ for dilatations and not a second one to compensate for the central charge transformations. As was shown in [13] , the SFT for this real scalar is given by
where the constraint ∂ a ϕ is a consequence of the torsion condition τ 0a = 0. In the absence of this torsion condition, the equation ∂ 0 ∂ 0 ϕ = 0 is not invariant under Galilean boosts.
To make this equation invariant under Galilean boosts, we introduce a second compensating scalar χ for central charge transformations. The important point is that under rigid Galilean boosts the spatial derivative of this compensating scalar χ transforms as [13] δ (∂ a χ) = −Mλ a , (6.2) where M is a mass parameter. Therefore, the lack of Galilean boost invariance of SFT1, see eq. (6.1), in the absence of the constraint ∂ a ϕ = 0 can be compensated by adding further terms to this equation containing ∂ a χ. In this way one ends up with the following SFT [13] :
The second compensating scalar breaks the invariance under central charge transformations. The SFT2 theory corresponds to either the twistless-torsional case (τ 0a = 0, τ ab = 0) or the arbitrary torsion case (τ 0a = 0, τ ab = 0) case.
In a next step, we couple this SFT2 theory to the z = 2 Schrödinger geometry with arbitrary torsion, we constructed in the previous section, by replacing all derivatives in (6.3) by Schrödinger covariant ones. In order to do this, it proves convenient to use a definition of the dependent gauge field f µ of special conformal transformations that differs from the one given in eq. (4.13), by terms that transform covariantly under gauge transformations. In order to avoid confusion, we will denote this dependent gauge field by F µ . It is defined as the solution of the following conventional constraints 4) where the curvatures are given by the expressions in eq. (4.12), with f µ replaced by F µ . In particular one finds that F 0 = τ µ F µ is given by
With this definition, F µ transforms as follows under the different gauge transformations:
The first step in coupling the equations of the SFT2 theory (6.3) to the z = 2 Schrödinger geometry with arbitrary torsion consists of replacing all derivatives in the left-hand-side of (6.3) by Schrödinger covariant ones. This leads to the expression
where the covariant derivatives are given by
10) The expression (6.7) can not be used yet as the starting point for defining a Schrödinger covariant equation, as it is not yet invariant under local boost transformations. Indeed, one finds that its variation under boosts is given by
We expect that this variation can be cancelled by adding further terms to the expression (6.7) via an iterative procedure but we did not yet find a closed answer in arbitrary dimensions. However, for the special case of d = 3, the calculation simplifies significantly and the variation (6.13) can be cancelled by adding two extra terms to the expression (6.7). As a result, we find that the following equation is Schrödinger invariant in d = 3:
To present the field equations, it is convenient to introduce the following boost invariant connection for spatial rotations 15) with the covariant tensor H µ ab given by
With this definition, the curvature tensor
is boost invariant and related to R µν ab (J) via
Since R µν ab (Ω) is boost invariant, one can consistently impose
as two of the NC field equations. Under boost transformations, the first equation in (6.19) transforms to the second one while the second one is invariant. These two equations are the extension to arbitrary torsion of the last two zero torsion NC equations given in eq. (3.22). The extension to arbitrary torsion of the first zero torsion equation R 0a (G a ) = 0 given in (3.22) can be found by imposing in eq. (6.14) the gauge-fixing conditions ϕ = 1 , χ = 0 , (6.20)
fixing the dilatations and central charge transformations, respectively. After substituting the expressions of the dependent Schrödinger gauge fields we derived in the previous two sections and using the other two torsional equations of motion (6.19), we find that this third torsional NC equation is given by Note that H µ ab vanishes identically for the special case that the torsion τ ab is zero.
This finishes our discussion of NC gravity with arbitrary torsion in three dimensions whose equations can be found in eqs. (6.19) and (6.21).
Conclusions
In this paper we applied two complementary techniques, gauging and null-reduction, to construct Newton-Cartan geometry and its conformal extension, z = 2 Schrödinger geometry, with arbitrary torsion.The gauging technique has the advantage that it makes the symmetries resulting from the construction manifest. The null-reduction technique has the advantage that the construction is algorithmic and can easily be generalized to other cases as well. We explained why the null-reduction technique does not yield NC gravity with arbitrary torsion and showed, in three space-time dimensions, how equations of motion with arbitrary torsion can be obtained by applying the non-relativistic conformal method [13] using a SFT with two real compensating scalars: one compensating scalar ϕ for the dilatations and one compensating scalar χ for the central charge transformations. This compensating technique leads to one of the equations of motion of torsional NC gravity, see eq. (6.21). This singlet equation is the one that contains the Poisson equation of the Newton potential. The other two equations, see eq. (6.19), followed by formulating them in terms of the curvature of a boost-invariant connection.
It would be interesting to extend the results of this paper to the supersymmetric case and apply the null-reduction technique to supergravity theories. The case of d = 3 should lead to a generalization of the off-shell 3D NC supergravity constructed in [16, 17] to the case of arbitrary torsion. More interestingly, one can also take d = 4 and construct 4D NC supergravity thereby obtaining, after gauge-fixing, the very first supersymmetric generalization of 4D Newtonian gravity. An intriguing feature of the 3D case is that the Newtonian supergravity theory contains both a Newton potential as well as a dual Newton potential. In analogy to the 3D case, we expect that in the supersymmetic case the Newton potential will not occur in the same representation as introduced by Newton. It would be interesting to see which representations of the Newton potential would occur in the 4D case and investigate whether this could have any physical effect.
